Stacking sequence listings are presented for fully orthotropic angle-ply laminates, with up to 21 plies, together with rules for mixing these sequences to form laminates containing any number of plies. The mixing rules are demonstrated through an abridged set of sequences, which are characterized in terms of angle-and cross-ply sub-sequence symmetries. The abridged set of sequences is derived from a new definitive list that supersedes previously published listings. Stacking sequences are presented together with dimensionless parameters from which the bending stiffness terms are readily calculated and an assessment of the bending stiffness efficiency made for angle-and cross-ply subsequences. Expressions relating the dimensionless parameters to the well-known lamination parameters are also given, together with graphical representations of feasible domains for all sub-sequence symmetries contained in the definitive list. Feasible domains for extensionally isotropic and fully isotropic laminates are also presented as important sub-sets of fully orthotropic laminates. Finally, examples are given for tapered laminates with fully orthotropic properties, derived from compatible sequences in the definite list. 
I. Introduction
omposite laminate materials are typically characterized in terms of their response to mechanical or thermal loading, which is generally associated with a description of the coupling behavior, unique to this type of material, i.e. coupling between in-plane (extension or membrane) and out-of-plane (bending or flexure) actions, coupling between in-plane shear and extension, and coupling between out-of-plane bending and twisting. One such classification system is offered by the Engineering Sciences Data Unit or ESDU 1 , in which the extensional (A), coupling (B) and bending (D) stiffness matrices are used together with an extended subscript notion to describe the form of the elements in each matrix. For instance, balanced and symmetric stacking sequences, which generally possess bending anisotropy, are referred to by the designation A S B 0 D F , signifying that the elements of the extensional stiffness matrix (A) are specially orthotropic in nature, i.e. 
the bending-extension coupling matrix (B) is null, whilst all elements of the bending stiffness matrix (D) are finite.
Laminates possessing extensional anisotropy give rise to coupling between in-plane shear and extension only and, by the same rationale, are referred to by the designation A F B 0 D S , signifying that all elements of the extensional stiffness matrix (A) are finite, the bending-extension coupling matrix (B) is null, whilst the elements of the bending stiffness matrix (D) are specially orthotropic in nature, i.e.
A designation for extensional anisotropy is not listed as part of the ten laminate classifications described in the ESDU data item 1 , but is however the subject of a recent article 2 , identifying the definite list of A F B 0 D S stacking sequences with up to 21 plies, thus complementing a new definitive list 3 of Fully Orthotropic Laminates or FOLs. Note that the term FOL is synonymous with specially orthotropic laminates, which possess none of the coupling characteristics described above and are represented by the designation A S B 0 D S .
A related article 4 presents the characterization of Extensionally Isotropic Laminates or EILs, with the designation A I B 0 D S and Fully Isotropic laminates or FILs, with the designation A I B 0 D I . These laminates represent a sub-set of FOLs and are contained within the definitive list 3 , since in addition to the specially orthotropic form of each matrix, see Eqs. (1) and (2) , elements simply further in EILs and the designation A S is replaced with A I to indicate that:
A 11 = A 22 (3) and A 66 = (A 11 -A 12 )/2 (4) and further still in FILs, in which the designation D S is replaced with D I to indicate that:
where H is the laminate thickness, corresponding to the total number of plies (n) of thickness (t). Fully orthotropic laminates minimize distortion during manufacturing and maximize compression buckling strength 5 in comparison to balanced and symmetric laminates, which generally possess flexural anisotropy, and are therefore of continuing interest to industry and the academic community alike. For instance, Valot and Vannucci provide examples of FOLs with anti-symmetric sequences 6 , following a previous article 7 on FILs. Indeed these two articles are part of, and provide reference to, a growing number of related articles by a community of co-workers addressing the development of laminate stacking sequences for a range of behavioral characteristics, which can be traced back to an original article by Caprino and Crivelli-Visconti 8 , identifying the specially orthotropic angle-ply laminate with eight plies. Much of this related work is focused on establishing stacking sequences for EILs, FILs and laminates with material homogeneity. However, with the exception of FILs, these material characterizations generally provide little distinction between laminates with different coupling behavior. For instance, the quasihomogenous laminate, which is defined as possessing the same elastic propertied in both flexural and membrane actions, satisfying Eq. (5) , but appears to have been completely overlooked in the literature described above. Reference 13 contains 75 symmetric sequences, for laminates with up to 21 plies, and 653 anti-symmetric sequences, for laminates with up to 20 plies, together with 49 additional non-symmetric (asymmetric) sequences, which were derived by combining the symmetric and anti-symmetric sequences. Further inspection reveals that there are no angle-ply laminates possessing specially orthotropic properties with fewer than 7 plies. Indeed, there is but a single generic 7-layer angle-ply anti-symmetric stacking sequence. This number increases to 233 generic antisymmetric sequences with 20 ply layers. There are no symmetric stacking sequences with less than 12 layers, and only 25 generic combinations with 20 layers. These twenty-five generic stacking sequences possess balanced and symmetric combinations of angle plies, together with cross plies, which may be 0 and/or 90°, symmetrically disposed about the laminate mid-plane; all possess angle-ply layers on the outer surfaces of the laminate. The term 'generic' is used here to describe the form of the stacking sequences adopted, defined by three parameters: +, − and * , relating to positive and negative angle plies with general orientation, θ, and cross ply, respectively.
The derivation 11,12 adopted in the ESDU data item
13
, made the explicit assumption that cross plies, as well as angle plies, are symmetrically disposed about the laminate mid-plane, i.e. the mixing of 0 and 90° plies is permitted only in one half of the laminate, which is then reflected symmetrically about the laminate mid-plane. This rule applies to both symmetric and anti-symmetric angle-ply stacking sequences. For this reason, cross plies are legitimately represented by the single parameter * .
The relatively small number of fully orthotropic sequences for thin laminates clearly leaves limited scope for composite tailoring, particularly where ply terminations are necessary and fully orthotropic characteristics are a design requirement. This was the key motivation leading to the redevelopment of a definitive list 3 for specially orthotropic angle-ply laminates with up to 21 plies, presented in the current article in abridged form.
In the derivation of this list for (but not restricted to) standard angle-ply configurations, i.e. ±45, 0 and 90°, the general rule of symmetry is relaxed. Cross plies, as well as angle plies, are therefore no longer constrained to be symmetric about the laminate mid-plane, leading to an increase in the number of possible solutions. For 16 ply laminates, there are approximately one million possible stacking sequence combinations, of which 368 comply with the requirements of special orthotropy, increasing to approximately 1 billion combinations for 21 plies, giving rise to a hundred-fold increase in the number of fully orthotropic laminates. The scope for composite tailoring is now vastly increased, particularly in the context of fully orthotropic tapered laminates. The numbers of sequences for each ply number grouping are summarized in Table 1 , which also provides cross-referencing to the tables of abridged listings that follow. New laminate mixing rules are also presented, which will help the designer develop FOLs with any number of plies by combing sequences from the definitive list.
Because of the substantial number of sequences identified in the definitive list, it is beneficial, for design purposes, to express the stiffness properties in terms of lamination parameters, which can be conveniently presented in graphical form, as originally conceived by Fukunaga and Vanderplaats 14 for the purposes of optimum design: the membrane or flexural stiffness terms are now defined by two linear design variables. Optimized lamination parameters may then be matched against a corresponding set of laminate stacking sequences. Graphical representations of feasible domains of lamination parameters are readily extended to other laminate classifications: EILs are reduced to a single line representation, whilst FILs are represented by a single point.
II. Stacking sequence derivation
In the derivation of the stacking sequences that follow, the general rule of symmetry is relaxed. Cross plies, as well as angle plies, are therefore no longer constrained to be symmetric about the laminate mid-plane. Consequently, the mixing of 0 and 90° plies needs special attention to avoid violation of the rules for special orthotropy, see Eqs. (1) - (2) . Examples of symmetric angle-ply laminates with non-symmetric cross-ply subsequences have been presented previously 15 , in the context of composite plate instability, and represent one of the many non-symmetric forms contained in the definitive list of FOLs possessing standard angle-ply configurations, e.g. ±45, 0 and 90°, many of which appear both extra-ordinary in appearance and infeasible in terms of the uncoupled behavior that the laminates possess. The great majority of FOLs are non-symmetric and many of these are without any sub-sequence patterns, e.g. symmetries or repeating groups, which is contrary to the assumptions on which many previous studies have been based.
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Arrangement and form of stacking sequence data
For compatibility with the previously published data, similar symbols have been adopted for defining all stacking sequences that follow. Additional symbols and parameters are necessarily included to differentiate between cross plies (0° and 90°), given that symmetry about the laminate mid-plane is no longer assumed.
The resulting sequences are characterized by sub-sequence symmetries using a double prefix notation, the first character of which relates to the form of the angle-ply sub-sequence and the second character to the cross-ply subsequence. The double prefix contains combinations of the following characters: A to indicate Anti-symmetric form; N for Non-symmetric; and S for Symmetric. Additionally, for cross-ply sub-sequence only, C is used to indicate Cross-symmetric form.
To avoid the trivial solution of a stacking sequences with cross plies only, all sequences have an angle-ply (+) on one outer surface of the laminate. As a result, the other outer surface may have an angle-ply of equal (+) or opposite (−) orientation or a cross ply ( ), which may be either 0 or 90°. A subscript notation, using these three symbols, is employed to deferential between similar forms of sequence.
The form (and number) of the stacking sequences contained in the definitive list 3 
Development of parameters
As adopted in the published ESDU listings 13 , the new sequences are ordered in terms of ascending numbers of plies, n, or ζ (= n 3 ), which are in turn ordered by ascending value of the bending stiffness parameter for the angle plies (ζ ± ) and finally by one of the two cross-ply sub-sequences (ζ ) within the laminate. Hence, the numbering of sequences for each sub-symmetric form, described in the previous section, may be readily extended.
The calculation of the bending stiffness parameter, ζ ± , is readily demonstrated for the 7 ply laminate, designated A381 in the ESDU listings 13 and AS 2 in the definitive list 3 , with stacking sequence [±/−/ /+/±] T , where the bending stiffness terms,
= n k 1 may be written in sequence for the 7 individual plies, where z, representing the distance from the laminate midplane, is expressed here in terms of the uniform ply thickness t:
Bending stiffness terms are written in alternative form in Ref. 13 as:
and
respectively, since the number of plies (n = 7) are now related directly to the bending stiffness terms by the expression:
where ζ ± = 342 and ζ = n 3 = 343. The stiffness parameters are hereby extended to include both cross plies (ζ and ζ ), including percentage values to indicate the relative proportion (n ± /n, n /n and n /n) and relative contribution to bending stiffness (ζ ± /ζ, ζ /ζ and ζ /ζ) of each ply sub-sequences within the laminate, i.e. a sub-sequence containing either ±, or plies.
Comparison of the relative proportion and the contribution to bending stiffness provides a measure of efficiency of the sub-laminate for each ply orientation, in the same sense that the radius of gyration, relating cross-sectional area and second moment of area, provides as assessment of the geometric efficiency of a beam to resist bending. Table 1 provides a summary of the number of fully orthotropic stacking sequences in the definitive list for up to 21 plies together with cross-references to Tables 2-12 of abridged sequences for upper-and lower-bound ζ ± values; these bounds have been demonstrated 15 to give upper-and lower-bound closed form buckling solutions respectively in compression loaded rectangular plates. Care must however be exercised when applying this rule to other planform geometries and load combinations.
Validation
The new stacking sequences have been validated against the published ESDU listing 13 , and reference numbers with prefix designations A and S are included in Tables 4 and 7 , respectively, for cross-referencing purposes. Note that sequences containing only angle plies may share the same value of ζ ± and therefore the order of such sequence may be differ from the ESDU listing. For such laminates the second prefix has no significance, but has been given AS or SS designations, which is justified in the sense that AS sequences are of the general form [+/−/−/+/ * /−/+/+/−], and the single SS sequence is of the general form [+/−/−/+/−/+/+/−/ * ] S , where * represents any symmetric cross-ply sequence.
Furthermore, the ESDU data item listed even and odd ply sequences separately, which explains the apparent inconsistency between the two numbering systems. Note also that Table 12 begins with laminate designation NN 12, which is explained by the fact that + NN sequences are not shown, since they are identical to the + NN listing with and cross plies interchanged. The first sequence, i.e. that with lowest ζ ± and ζ , is given by sequence NN 1: [+/−/ / / / /−/+/−/ /+/+/ /−/ ] T , which is of the form + NN .
For each unique stacking sequence with the prefix SN, denoting Symmetric angle plies and Non-symmetric cross plies, alternative sequences also exist, since each cross ply in the sub-sequence is interchangeable, with , and the order of these alternative non-symmetric sub-sequences are themselves reversible. For each laminate with either the prefix SC or SS, denoting Symmetric angle plies with Cross-symmetric or Symmetric cross plies respectively, an alternative arises again from the interchangeability of each cross ply ( with ) in the sub-sequence.
American Institute of Aeronautics and Astronautics Table 1 -Number of FOLs for 7 through 21 ply laminates, corresponding to prefix designations for Anti-symmetric (A), Cross-symmetric (C), Non-symmetric (N) and Symmetric (S) ply sub-sequences, listed in abridged form in Tables 2 -12 . Subscripts arranged before and after the prefix designations denote angle (+, −) and cross plies ( = 0 or 90°), and correspond to the orientations of the top and bottom plies of the laminate respectively. Numbers given in brackets represent those listed in Ref. 13 .
Number of plies, n Prefix: 7  8  9 10 11 12 13  14  15  16  17  18  19  20  21  Table: AC
24 (4) 21 (6) 84 (10) 76 (14) 288 (26) 268 (34) 1002 (65) 934 (89) 3512 (165) 3290 (233) 12392
33 (6) 50 (4) 110 (13) 120 (6) 352 (25) 344 (16) 7
136 120 476 788 3970 10
116 124 1444 1372 12108 11 -16  15  188 151 878  838  7955  12 By contrast, the sequences presented in Refs 6, 7, 9 and 16 have been algorithmically filtered to provide mathematically and mechanically unique sequences. Applying this filtering to the 18 FILs, with π/3 isotropy, identified as a sub-set of FOLs, which are of the form (and number) + NN + (2), + NN − (8) and + NN (8) , and correspond to sequences numbers NN 1071 -NN 1088 in the definitive list 3 , reveals: only 1 of the 2 + NN + sequences is unique when the order is reversed; only 4 from the 8 + NN − sequences are unique when the order is reversed and + and − plies are inter-changed; and + NN sequences are identical to + NN − sequences with − and plies interchanged, leaving the 5 mathematically and mechanically unique sequences identified in Ref. 7 , i.e.:
in which +/−/ represent 60/-60/0°, respectively, or indeed any angle combination with π/3 separation. Sequence AC 127, given in Table 2 , also has special significance: It possesses quasi-homogeneous properties and verifies the only sequence containing all four (+/ −/ / ) ply orientations, presented in Ref 16 for a 20 ply laminate satisfying Eqs. (3) and (5), but not Eq. (4). Note that AC 127 and AC 128 are identical when the cross ply is interchanged, with .
Clearly, filtering for mathematically unique sequences is inappropriate in the context of structural design since interchanging − and plies has a significant effect of the structural response of the laminate and any database of laminate stacking sequences therefore needs to contain both sets of sequences. The same argument can be applied to mechanical uniqueness, in the sense that the through thickness stress distribution, resulting from a flexural action, is very different if the upper surface of a non-symmetric laminate is confused with the lower surface.
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III. Calculation of membrane and bending stiffness terms
The calculation procedure for the elements (A ij and D ij ) of the extensional (A) and bending (D) stiffness matrices, using the dimensionless parameters provided in Tables 2-12 , are as follows:
The form of Eqs. (14) and (15) was chosen because they are then readily modified to account for laminates with extensional and bending anisotropy by replacing n ± /2 × Q′ ij + with n ± (n + /n ± )Q′ ij+ and n ± /2 × Q′ ij− with n ± (1 − n + /n ± )Q′ ij− , and ζ ± /2 × Q′ ij+ with ζ ± (ζ + /ζ ± ) × Q′ ij+ and ζ ± /2 × Q′ ij− with ζ ± (1 − ζ + /ζ ± ) × Q′ ij− . The use of these modified equation requires the calculation of an additional stiffness parameter, n + and ζ + , relating to the extensional and bending stiffness contribution of positive (θ) angle plies, respectively.
The transformed reduced stiffness terms in Eqs. (14) and (15) 
and the reduced stiffness terms by:
For optimum design of angle-ply laminates, lamination parameters are often preferred, since these allow the stiffness terms to be expressed as linear variables. The optimized lamination parameters may then be matched against a corresponding set of laminate stacking sequences. In the context of the parameters presented in the current article, the four lamination parameters are related through the following expressions:
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Elements of the extensional and bending stiffness matrices are related to the lamination parameters, respectively, by:
where the laminate invariants are given in terms of the reduced stiffnesses of Eq. (17) by: In Ref. 14, a modified set of lamination parameters were adopted for the purposes of optimum design, since bounds are then defined by the parabola ξ 10 = ξ 9 2 with limits -1 ≤ ξ 9 ≤ 1 and 0 ≤ ξ 9 2 , hence Eqs. (20) may be rewritten as: 1) , would respectively contain 90° plies, ±45° plies or 0° plies only. In Fig. 1(l) , any sequence corresponding to point (-0.5, 0.25) would contain ±60° plies only. Finally, the corresponding sub-set of FILs, with π/3 isotropy, identified in the previous section, correspond to the point (0, 0.5).
All feasible domains of FOLs have symmetry about the vertical (ξ 2 D ) axis, with the exception of Fig. 1(k) , in which there is a bias towards the right-hand region of the graph. This is explained by the fact that + NN laminates possess an angle ply on one surface and a cross-ply the other, hence cross-plies have a significant effect on the overall bending stiffness, causing the bias towards the top right-hand corner of the feasible domain, representing a laminate with 0° plies only. The feasible domain for + NN laminates is the mirror image, with a bias towards the left-hand region of the graph. Table 4 .
Bartholomew 12 identified 7 FOLs with asymmetric form by combining symmetric and anti-symmetric sequences using a method referred to as interlocking, in which the cross-plies of one compatible sequence are substituted by the corresponding angle-plies from another, e.g. combining AS 43 and SS 36, from Tables 4 and 7 respectively, produces laminate NS 2 from Table 8 :
AS 
Interlacing of laminate stacking sequences
A more intuitive method for combining laminates is now demonstrated, involving the interlacing of individual plies of one laminate with those of another. In this way two laminates may be combined: one with n plies, the other with n + 1 plies, e.g. sequences AS 1 and AS 3 give rise to sequence AS 504 from Table 4 Clearly interlacing gives rise almost exclusively to sequences with odd numbers of plies, given that the technique is only universally applicable to FOLs with odd-and even-ply combinations. This leads to laminates with ply number groupings greater than or equal to 15, as derived above from AS 1 and AS 3 with 7 and 8 plies respectively. Hence, neither interlacing nor interlocking can account for the non-symmetric 15-ply laminates listed in Tables 10  and 12 
Addition and mirroring of laminate stacking sequences
The addition of laminate stacking sequences is another intuitive methods of combining FOLs with equal ply numbers, in series, to provide provides the even-number sequences that interlacing cannot. However, the fully orthotropic nature of combined laminate is generally lost when laminates with arbitrary non-symmetric form are used and is the subject of on-going research.
Even-ply sequences can also be developed through the addition of sequences in series or by splitting one evenply sequence about the laminate mid-plane and inserting another sequence with even-or odd-plies to produce a sandwiched sequence. This includes the sandwiching of cross-ply sequences or isotropic material at the laminate mid-plane, as discussed in the following section.
Finally, mirroring offers the final intuitive method of combining FOLs discussed in this section. The technique applies to every sequence defined in the definitive list with up to 21 plies, such that the list can now be regarded as containing the anti-symmetric or symmetric halves for even-ply laminates with up to 42 plies.
V. Fully orthotropic tapered laminates
The following examples provide some insight into the scope for composite tailoring that the new definitive list provides. Two examples of tapered laminates are illustrated, both of which possess non-symmetric stacking sequences. The first example involves single-ply terminations at the laminate mid-plane, whilst the second involves two-ply terminations on either side of the laminate mid-plane. Note that the two examples are similar if the sequences from the first are taken to represent the symmetric half of the full laminate.
The following series provides the laminate number, together with the details of the particular ply to be dropped, i.e. ply orientation (+/−/ / ) and corresponding ply number: Here, a lightweight Syntactic film core was used as a partial replacement for carbon fiber material, whilst maintaining the fully orthotropic laminate properties. This was achieved by combining both symmetric and anti-symmetric fully orthotropic angle-ply stacking sequences, which produced a FOL insensitive to the replacement of carbon fiber plies with equivalent thickness isotropic Syntactic film core at the laminate mid-plane. This would not have been possible with non-symmetric angle-ply sub-sequences, since the replacement of the angle plies by isotropic material, symmetrically displaced about the laminate mid-plane, would have caused an imbalance in the angle-plies that remained, thus destroying the fully orthotropic nature of the laminate.
VI. Conclusions
A new definitive list of Fully Orthotropic Laminates, or FOLs, with up to 21 plies has been presented, in abridged form. The great majority of sequences have been shown to be non-symmetric in form and many of these are without any sub-sequence patterns, e.g. symmetry or repeating groups, which is contrary to the assumptions on which many previous studies have been based. Many sequences appear both extra-ordinary in appearance and infeasible in terms of the uncoupled behavior that the laminates possess.
The definitive list has also been shown to contain all Quasi-Isotropic or Extensionally Isotropic Laminates (EILs) and Fully Isotropic Laminates (FOLs), with up to 21 plies, which are sub-sets of Fully Orthotropic Laminates (FOLs).
Simple mixing rules have been presented by which FOLs from the new definitive list may be combined in order to develop new FOLs with any number of plies; some of the mixing rules represent work in progress.
The scope for composite tailoring using FOLs has also been demonstrated in the context of fully orthotropic tapered laminates, which hitherto fore were not possible. Continuing work in this area aims to provide a definitive list of tapered FOLs. 9 Vannucci, P. and Verchery, G., "Stiffness design of laminates using the polar method," Table 2 -Number of FOLs for 7 through 21 ply laminates corresponding to prefix designations AC for Anti-symmetric (A) angle-plies and Cross-symmetric (C) cross-plies. Table 3 -Number of FOLs for 7 through 21 ply laminates corresponding to prefix designations AN for Anti-symmetric (A) angle-plies and Non-symmetric (N) cross-plies. American Institute of Aeronautics and Astronautics Table 4 -Number of FOLs for 7 through 21 ply laminates corresponding to prefix designations AS for Anti-symmetric (A) angle-plies and Symmetric (S) cross-plies. American Institute of Aeronautics and Astronautics Table 5 -Number of FOLs for 7 through 21 ply laminates corresponding to prefix designations SC for Symmetric (S) angle-plies and Cross-symmetric (C) cross-plies. American Institute of Aeronautics and Astronautics Table 6 -Number of FOLs for 7 through 21 ply laminates corresponding to prefix designations SN for Symmetric (S) angle-plies and Non-symmetric (N) cross-plies. American Institute of Aeronautics and Astronautics Table 7 -Number of FOLs for 7 through 21 ply laminates corresponding to prefix designations SS for Symmetric (S) angle-plies and Symmetric (S) crossplies. Table 9 -Number of FOLs for 7 through 21 ply laminates corresponding to prefix designations + NS − for Non-symmetric (N) angle-plies and Symmetric (S) cross-plies. 
